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Abstract 

In this paper we prove that the Bernstein-Sato polynomial of any free 
divisor for which the 2>[s]-module 3[s]h a admits a Spencer logarithmic 
resolution satisfies the symmetry property b(— s — 2) = ±6(s). This applies 
in particular to locally quasi-homogeneous free divisors, or more generally, 
to free divisors of linear Jacobian type. We also prove that the Bernstein- 
Sato polynomial of an integrable logarithmic connection <? and of its dual 
"S* with respect to a free divisor of linear Jacobian type are related by the 
equality bg(s) = ±6y* (— s — 2). Our results are based on the behaviour of 
the modules 3>[s]h s and 2f[s]if[s]/i ii under duality. 

Keywords: Bernstein-Sato polynomials, free divisors, logarithmic differ- 
ential operators, Spencer resolutions, Lie-Rinehart algebras, logarithmic 
connections. 
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Introduction 

In |14| Granger and Schulze proved that the Bernstein-Sato polynomial of any 
reductive prehomogeneous determinant or of any regular special linear free di- 
visor satisfies the equality b(—s — 2) = ±6(s). Their proof is based on Sato's 
fundamental theorem for irreducible reductive prehomogeneous spaces. This 
symmetry property has been also checked for many other examples of linear 
(see for instance loc. cit. and [32]) and non-linear free divisors (e.g. quasi- 
homogeneous plane curves and the examples in |18|). In this paper we prove 
the above symmetry property for free divisors for which the 2>[s]-module 3)[s]h s 



admits a logarithmic Spencer resolution (See Theorem (4.1) for a precise state- 
ment). This hypothesis holds for any free divisor of linear Jacobian type, and 
so for any locally quasi-homogeneous free divisor (for instance, free hyperplane 
arrangements or discriminants of stable maps in Mather's "nice dimensions"). 
The main ingredient of the proof is the explicit description of the 2>[s]-dual of 
3)[s]h 8 by means of the logarithmic duality formula in [5j|6]. 



'Partially supported by MTM2010-19298 and FEDER. 
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Let us mention that Yano proved in [57] that for any quasi-homogeneous 
germ h : (C d ,0) —> (C, 0) with isolated singularity, its reduced Bernstein- Sato 
polynomial b(s) — j^j satisfies the equality b(s) — ±b(—s — d). Yano's result 
and ours suggest that both are extremal cases of a whole family of "pure" cases 
where symmetry properties occur with other intermediate shiftings (see Ques- 
tion (4.8)). One can expect even that in the "non-pure" cases, the factors of 
the Bernstein-Sato polynomial which break the symmetry appear as minimal 
polynomials of the action of s on other 3) [s] -modules attached to our singularity 
(see for instance the examples in [19, §3]), possibly related with the microlocal 
structure. 

Let us now comment on the content of the paper. 

In section §1 we recall the different conditions and hypotheses on free divi- 
sors we will use throughout the paper. In section §2 we recall the logarithmic 
Bernstein construction and we study the hypotheses we will need later to prove 
our main results. In section §3 we recall the duality formula in [S] and we apply 
it to describe the 2>[s]-dual of 2[s]h v ^ s \ where ip is a C-algebra automorphism 
of C[s], under the hypotheses studied in section §2. In section §4 we prove the 
symmetry property 6(— s — 2) = ±6(s) under the above hypotheses. The idea of 
the proof is the following: once we know that the S[s]-dual of S[s]/i s (resp. of 
3>[s]h s+1 ) is concentrated in degree and is isomorphic to 3[s]/i~ s_1 (resp. to 
S$[s]h~ s ~ 2 ), we can compute the 3 [s] -dual of the exact sequence 

-> 3)[s]h s+1 -> 9)[s\h s -> fi := (9>[s]h 3 ) / (2>[s}h s+1 ) -> 

and deduce that the 2>[s]-dual of Q is concentrated in degree 1 and is isomor- 
phic to 3)[s]h~ s ~ 2 /3>[s]h~ s ~~ 1 . From here the symmetry property comes up. 
At the end of the section we give some applications to the logarithmic com- 
parison problem and a characterization of the logarithmic comparison theorem 
for Koszul free divisors. In section §5 we generalize the above results to the 
case of integrable logarithmic connections with respect to free divisors of linear 
Jacobian type. 

I would like to thank Francisco Castro, Michel Granger and Mathias Schulze 
for useful discussions and comments. 



1 Notations and linearity conditions 

In this paper X will denote a complex manifold of pure dimension d, D C X a 
hypersurface (= divisor), 6x[*D] the sheaf of meromorphic functions along D, 
©x{D) the sheaf of meromorphic functions along D with poles of order < 1 and 
3>x the sheaf of linear differential operators with coefficients in 6x- 

We will also denote by Jd C @x the Jacobian ideal of D C X, i.e. the coher- 
ent ideal of @x whose stalk at any p € X is the ideal generated by h, h' , . . . , h' , 
where h G @x,p is any reduced local equation of D at p and xi, . . . ,Xd S ®x,p is 
a system of local coordinates centered at p. 

We recall that I? is a free divisor, in the sense of K. Saito [3T], if the coherent 
<Sx -module Si ere (log D) of logarithmic vector fields with respect to D is locally 
free (of rank d). In such a case we will denote by fx = <5x[2'erc(log D)] C 3>x 
the sheaf of logarithmic differential operators with respect to D [2]. 
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(1.1) Definition. (Cf JMB §7-%]) Let A be a commutative ring and I C A an 
ideal. We say that I is of linear type if the canonical ( surjective ) map of graded 
A-algebras Sym^(J) — > Rees(7) is an isomorphism. 

In the above definition, if I = (ai,...,a r ) and (sji, . . . , Sj r ), i G L, is 
a system of generators of the syzygies of <zi,...,a r , to say that the ideal I 
is of linear type is equivalent to saying that any homogeneous polynomial 
F(£i, . . . , £ r ) G A[£] such that F(a\, . . . , a r ) = is a linear combination with 
coefficients in A[£] of the linear forms Sii£i + • • • + Si r ^ r , i £ L. 

(1.2) Example. An ideal generated by a regular sequence is of linear type. 

(1.3) Definition. (/?, Definitions 1.11, 1.14]) ( a ) We say that the divisor D 
is of linear Jacobian type at p G D if Jd.p C <9x,p is of linear type. We say that 
D is of linear Jacobian type if it is so at any p G D. 

(b) We say that the divisor D is of differential linear type at p G D if if or 
some (and hence for any) reduced local equation h G @x.p of D at p, the ideal 
anng, x r s i h s is generated by order 1 operators. We say that D is of differential 
linear type if it is so at any p G D. 

Any divisor of linear Jacobian type is of differential linear type (cf. [7J 
Proposition 1.15]). 

(1.4) Definition, (a) We say that the divisor D is strongly Euler homoge- 
neous if for any p G D and for some (and hence for any) reduced local equation 
h G @x,p of D at p there is a germ of vector field x a t P vanishing at p such 
that xQ 1 ) = h- 

(b ) We say that the divisor D is locally quasi-homogeneous if for any p G D 
there is a system of local coordinates x = (xi , . . . , x<i) centered at p such that the 
germ (D,p) has a reduced weighted homogeneous defining equation (with strictly 
positive weights) with respect to x. 

(1.5) Remark. There is also the notion of Euler homogeneity. Namely, we 
say that the divisor D is Euler homogeneous at a point p G D if there is a 
reduced local equation h G @x,p of D at p and a germ of vector field % at p 
(not necessarilly vanishing at p) such that xQ 1 ) = h. In that case we also say 
that h is Euler homogeneous. It is clear that if D is Euler homogeneous at 
p, then it is also Euler homogeneous at any point q G D close enough to p. 
Notice that not any local reduced equation of a Euler homogeneous divisor is 
Euler homogeneous. Notice also that for any divisor D C X, which could not 
be Euler homogeneous, the divisor D' — D x C <Z X' = X x C is always Euler 
homogeneous. Nevertheless, a divisor D C X is strongly Euler homogeneous if 
and only if D' = D x C C X' = X x C is strongly Euler homogeneous. Let us 
also notice that a divisor D C X is of linear Jacobian type at p G D if and only 
D' = D x C C X' = X x C is of linear Jacobian type at [p. 0) G D' . 

(1.6) Example. Any smooth hypersurface is of linear Jacobian type. More 
generally, any quasi-homogeneous (with strictly positive weights) isolated sin- 
gularity is of linear Jacobian type. 

(1.7) Proposition. If the divisor D is of linear Jacobian type, then it is 
strongly Euler homogeneous. 
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Proof. Let h £ ®x,p be a reduced local equation of (D,p) and x = (xt, . . . , Xd) 
a system of local coordinates centered at p. By using that h belongs to the 
integral closure of the ideal / = (h' Xl , ■ ■ ■ , h' x ) (cf. [23, §0.5, 1]) we deduce that 
in fact h £ /, i.e. that D is Euler homogeneous (see Remark 1.26 (a)] for 
the details). Strong Euler homogeneity comes from the aforedmentioned facts 
that for a divisor D C X, D is strongly Euler homogeneous (resp. of linear 
Jacobian type) at a neighborhood of p £ D if and only ifD' = DxCclxC 
is strongly Euler homogeneous (resp. of linear Jacobian type) at a neigborhood 
of(p,0)eL>'. Q.E.D. 

It has been proven in [4, Theorem 5.6] that any locally quasi-homogeneous 
free divisor is of linear Jacobian type. We do not know any example of a free 
divisor of linear Jacobian type which is not locally quasi-homogeneous. 

Let us recall that a free divisor D is said to be Koszul ([2J Definition 4.1.1]) 
at p € D if for some (and hence any) basis Si,...,5d of 3 ere (log D) p , the 
sequence cr(St), . . . , a (8 a) is regular in gr 3>x, P [s\. It turns out that this property 
is equivalent to being holonomic in the sense of Saito ( |13[ Theorem 7.4]). 

The following definition is inspired by |14l Definition 7.1], which only applies 
to the case of linear free divisors (see also Proposition 7.1 and the subsequent 
remark in loc. tit.). 

(1.8) Definition. Assume that D is a free divisor. We say that D is strongly 
Koszul at p £ D if for some (and hence any) basis 8t,-..,8d of 3 ere (log D) v 
and for some (and hence any) reduced equation h 6 0x,p of(D,p), the sequence 

h, o~(5±) — atis, . . . , <j(8d) — ays, with 5i(h) = ctih, 

is regula^ in gr 3>x. P [s]- 

(1.9) Proposition. Assume that D is a free divisor andp £ D. The following 
properties are equivalent: 

(a) D is of linear Jacobian type at p. 

(b) D is strongly Koszul at p. 

Proof. Let X\,...,Xd £ 6 ■= ©x.p be a system of local coordinates centered 
at p, h £ 6 a reduced local equation of D at p and J — fu, P — {h, h' Xl , . . . , h'). 
Let {Si = X^j=i a ij'g| _ }i<i<<i be a basis of 2>er(log-D) p , and let us write 
5i(h) = ctih and cr, := a(5. t ) = V'^ , n,Xj € gr3s x , P = The family 

{(—ai,aa,. . . , aid)}t<i<d is a basis of the syzygies of h, h' Xl , . . . , h' Xd . 



(a) (b): From Proposition (1.7) we know that h is Euler homogeneous, i.e. 
h £ (h' xi , . . . , h' x ), and we can take a± = •• • = a<j-i = and ad = 1. In other 
words, {(da, ■ ■ ■ , did}i<i<d-t) is a basis of the syzygies of h' Xl , . . . ,h' Xd . 

Let <p : —> Rees(J) = 0[h' Xl t, . . . , h' x t] be the surjective map of <9- 
algebras defined by <p(£i) = h' x .t. Since J is an ideal of linear type, the kernel 
of cp is generated by the <7j, 1 < i < d — 1. So 

' gjfl 
(at, ■ ■ ■ ,<7d-i 



dim ( — I = dimRecs(J) =d + l 



1 Since the sequence is formed by homogeneous elements in a graded ring, its regularity 
does not depend on the order. 
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and o"i, . . . , (Td-i is a regular sequence in 

On the other hand, since kertp = (a±, . . . , er^-i) is a prime ideal and h ^ 
ker<p, we deduce that /i, 01, . . . , ad-i is also a regular sequence in <9[£], or still 
/i, <7i, . . . , <Jd-\i &d — s is a regular sequence in s] = gr3>x, P [s] and 13 is 
strongly Koszul at p. 

(b) (a): Assume that X is a small enough open neighborhood of p, SfC 1 ^ — 
((7i — ais, . ..,(7d — ads) C <5x[s,£i, ■ • ■ , £<j] and let .ST be the kernel of the 
canonical graded surjective map 

$ : X [s,Zi, •■-,&] -* Bees(f D ), s H- ht, & >-> h' x .t. (1) 

Since D is of linear Jacobian type at any smooth point, we deduce that 9£ j Sfc^ 
is supported by the singular locus of D. In particular, for any homogeneous 
polynomial F G 3fc v there is a N > such that h N F G ^fp 1 , but /i, <7i — 
ctis, ...,(Td — adS is a regular sequence and so F £ ^Tp 1 . We deduce that 
.STp = and £> is of linear Jacobian type at p. Q.E.D. 

(1.10) COROLLARY. Assume that D is a free divisor andp G D. The following 
properties are equivalent: 

(a) D is strongly Koszul at p. 

(b) For any reduced equation h G @x,p of (D 7 p) and any basis S±, . . . , Sd of 
®erc(logD) p with Si(h) = ■ ■ ■ = Sd-i(h) = and Sd{h) — h, the sequence 
h,a(S{), . . . ,a(Sd-i) is regular in gr&x,p- 

(c) There is a reduced equation h G @x,p of {D,p) and a basis Si, . . . ,Sd of 
2s ere (log D) p with Si{h) — ■ ■ ■ = Sd-iih) = and 5d{h) — h such that the 
sequence h, o~(Si ),..., o~(Sd-i) is regular in gi2>x,p ■ 



Proof. It is a straightforward consequence of Propositions (1.9) and (1.7) 
Q.E.D. 

Let us notice that property (c) in the above corollary appeared as condition 
(c') in [Ml Corollary 1.8]. 

We recall the following definition of [T^l page 257]. 

(1.11) Definition. Assume that D is a free divisor. We say that D is weakly 
Koszud at p G D if for some (and hence any) basis Si, ...,84 of 3) ere (log D) p 
and some (and hence any) reduced local equation h G 6x,p of (D,p), the sequence 

<j(5i) — a>is, . . . ,<r(Sd) — Q-dS, with Si(h) — ctih, 

is regular in gr 3x.p[s] ■ We say that D is weakly Koszul if it is so at any p G D. 



For a free divisor, the following implications hold: strongly Koszul =>■ Koszul 
=> weakly Koszul. The example XiX2(xi +X2)(xi +X3X2) — is a weakly Koszul 
free divisor which is not Koszul ([19, Example 3.1]) and any non-quasihomogeneous 
plane curve is a Koszul free divisor non strongly Koszul (Proposition 2.3.1 in 
loc. cit.). 

2 This notion was called "(GK)" in [19]. 
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(1.12) Remark. Let Dbea free divisor and h £ ©x,p a reduced local equation 
of (D,p). If there is a germ of vector field \ at p such that x(h) — h (i.e. h 
is Euler homogeneous), then D is weakly Koszul at p if and only if for some 
(and hence any) basis Si, . . . , Sd-i of germs of vector fields vanishing on h, the 
sequence o~(5i), . . . , a(Sd-i) is regular in gr 3>x, P - 



2 Logarithmic— meromorphic comparison for Bern- 
stein modules 

From now on we assume that h : (C d ,0) — > (C,0) is a reduced local equation 
of a germ of free divisor (D,Q) C (C d ,0). Let us write for short = C d , 

3 = 2>c d ,o an( i ^* — ^c d ,o = 0[3erc(log£))o] C 3. We consider the logarithmic 
Bernstein module 6[s]h s ([7, §1-6]), which is a ^[sj-submodule of the Bernstein 
2>[s]-module 6[s, h^ 1 ]^ [lj. Obviously <9[s]/i s is generated by /i s over W[s] and 
anuyr a i /i s is the left ^[s] -ideal generated by the Lie-Rinehart algebra over (C, 6) 

(cf. [2JD 

Q h . s := {5-as\Se 9) er {log D) ,S(h) = ah} c T[s]. 
The following result generalizes [24, Proposition 4.4] to the non-Euler homo- 



geneous case and completes Proposition (1.9) 



(2.1) Proposition. With the above hypotheses, the following properties are 
equivalent: 

(a) (D,0) is of differential linear type and weakly Koszul. 

(b) (D,0) is of linear Jacobian type (or equivalently strongly Koszul). 

Proof, (b) => (a): It is a consequence of [7J Proposition 1.15] and [7J Propo- 
sition 1.27]. 

(a) => (b): We follow Torrelli's argument. Let 8i, . . . , Sd be a basis of S!erc(logD)o 
with 8i(h) = otih and let us write K — anngr s i h s . It is clear that 0/ ljS is freely 
generated as (5-module by Si — ais, . ..,Sd — cx-dS- Since (D,0) is of differen- 
tial linear type, we have K — 2[s]®h,s- Let us consider the filtration by the 
total order in 3)[s] (the total order of s is 1; cf. |27l Definition 2.1]). Since 
cr(Si) — ais, . . . , cr(6d) — ays is a regular sequence in gr2s[s] = gr T (2>[s]), we de- 
duce that ctt{K) is the ideal of gr T (2>[s]) generated by a (Si) —atis,..., cr(Sd) — 
ads. We know that the characteristic variety W = V(ar(K)) C C x T*C d 
of 3>[s]h s is irreducible of dimension d + 1 f |15l §5], [27l Proposition 2.3]). In 
fact I(W) = ker<E>, where <I> has been defined in (TTJ). Since $(/i) ^ we de- 
duce that dim V(h, cr(8i) — ais, . . . , a(Sd) — otds) = dim(W 7 l~l V(h)) = d and so 
h, cr(Si) — ais, . . . , o~(Sd) — ads is a regular sequence. Q.E.D. 

Let us denote by SpQ h a the Cartan-Eilenberg-Chevalley-Rinehart-Spencer 
complex defined by (see 1.1.2 in loc. cit.) Sp^ s = ^[s] ®e /\ r &h,s, r >0, and 
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the differential e r : Sp ^ — > Sp e ^ r ^ is given by: 

e~ r (P (g) (Ai A • • • A A r ) = 

r 

= ^(-l)*- 1 ( J PA i ) ® (Ai A • • ■ A \ A • • • A A r ) + 

i=l 

+ ^2 ( — l) i+J -P ® ([Ai, Aj] A Ai A • • • A Ai A • • • A Aj A • • • A A r ) 

for r > 2, and £- 1 (P ® Ai) = PAi for r = 1, and P e ^[s], A; G 9/^. 

From Proposition 1.21 in loc. cit., we know that Spg h becomes a *^[s]- 
free resolution of <S[s]/i s with the augmentation e° : Sp 0h = f[s] — ► 6[s]h s , 
e°(P) = Ph s . 

The proof of the following proposition is clear. 

(2.2) Proposition. Under the above hypotheses, the following properties are 
equivalent: 

L 

(a) The canonical map 3)[s] <8>y[ s ] (0[s}h s ) — S> 3)[s\h s is an isomorphism in 
the derived category of left 2[s]-modules. 

(b) The divisor D is of differential linear type at and the complex S[s] <g>y[ s ] 
Spe h , * s exact in degrees ^= 0. 



(2.3) PROPOSITION. Any germ of free divisor {D,0) C (C d ,0) of differential 
linear type and weakly Koszul at satisfies the equivalent properties of Proposi- 



tion (2.2) 



Proof. To prove that the complex L = 3[s] <8y[ s ] Sp@ h a is exact in degrees 
7^ 0, we filter L in such a way that its graded complex is the Koszul complex 
associated with the sequence ct(<5i) — a\s, . . . , cr(Sd) — ctdS with 8±, . . . , Sd a basis 
of Serc(logL») and<5j(ft) = onh (see the proof of [II Corollary 2.2.18]). Q.E.D. 

The following corollary is a particular case of pj Theorem 3.1]. 

(2.4) COROLLARY. Under the above hypotheses, if (D, 0) C {C d , 0) is a germ of 
free divisor of linear Jacobian type, then the equivalent properties of Proposition 



(2.2) hold. 



Proof. It is clear from Proposition (2.1) Q.E.D 



(2.5) Definition. For any polynomial q(s) G C[s] we define: 

(1) The q(s) -Bernstein module as the free 0[s, h~ x ]-module 0[s, h^ 1 ]^^ with 
basis h q ^ endowed with the left 3>[s\-module structure given by 

8 ■ {ah q ^) = (8(a) + q{s)S(h)h- 1 a) h q ^ 

for any 8 € Derc(0). 

(2) The logarithmic q(s) -Bernstein module as the left 'V[s]-submodule ©[sjft. 9 ^ 
of the q(s)- Bernstein module @[s, h^ 1 ]^^ . 
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It is clear that 6[s\h q ^ is generated by h q ^ over ^[s] and anny[ s ] h q ^ is 
the left ^[s] -ideal generated by the (C, <S)-Lie-Rinehart algebra 

Qh, g (s) := i S ~ a l( s ) I 5 e ®er(]ogD)o,5(h) = ah} . 

For any C-algebra map tp : C[s] C[s] let us also call tp its trivial extensions 
to 0[s], G\s,h~ l ], 9)[s] and T[s}. For any q(s) e C[s] the map 

Tp : ah q{s *> G 0[s, fcT 1 ]/^ i-> p(a)fc v <«W> £ 0[«, fc-^foW) 

(resp. ^ : a/i« (;5) G 0[s]/i 9(s) i-> ^(a)/i v( « (s)) G 0[s]h v ^ s)) ) 
is linear over 93 : 3>[s] — > 3>[s] (resp. over tp : "V[s] — » 5^[s]). 
Since <^ (0/v, 9 ( s )) = ©h l¥ ,( g (s)), the natural map 

tp* (<9[s}h q{s ^ := <V[s\ ® v ((9[s]/i 9(s) ) 0[s]^ s » 

induced by ^ : (3[s]/i 9(s) -> (5[s]/i v(?(s)) , where ^[s] <g> v (-) denote the scalar 
extension associated with tp : "V[s\ — > ^[s], is an isomorphism of left f[s\- 
modules. 

The proof of the following lemma is straightforward. 

(2.6) Lemma. If tp : C[s] — > C[s] is an automorphism, then the natural maps 

p* /r 1 ]/^')) :=as[ s ] ® v {els^hr 1 ]^^ -Knfah-^hrbw 

and 

p* (3)[s]h q( - s ^ := 3>[s] ® v \3[s]h q{ - s A ai[s}h v ^ s)) 

induced by Tp : 0[s, h^h^ -> 0[s, h' 1 ]h v ^ s)) , where 9)[s] ® v (-) denote 
the scalar extension associated with tp : 3)[s] — > 3)[s], are isomorphisms of left 
3)[s]-modules. 

(2.7) Proposition. Assume that p : C[s] — > C[s] is an automorphism of 
C-algebras. Then, the following properties are equivalent to the properties of 



Proposition (2.2) 



(a') The canonical map 3)[s] ®yr s i (0[s]h v ^) — > 3>[s]h v ^ is an isomorphism 
in the derived category of left 3)[s\-modules. 

(b') ann 3 [ s ] h v ^ is the left c V\s\-ideal generated by Qh,tp(s) an d ^ e complex 
2>[s] <S>y[s] ^Pe h ( ) ' s exact in degrees ^ 0, where Sp^ ( ; is defined in 
a completely similar way to SpQ fe e . 

Proof. The proof is a straightforward consequence of the fact that for any 
left ^[sj-module M there is a canonical isomorphism of left 3[s]-modules 

p* (3[s] ® v[a] M) ~ 3>[s] ® ns] tp*{M). 

Q.E.D. 



3 Duality 



We keep the notations of Sj2] The free ©-modules 3erc(log D)q and 3)erc(@x)o = 
Derc(<9) are (C, £>)-Lie-Rinehart algebras whose respective envelopping (or uni- 
versal) algebras (cf. (2HI) are f and 3 respectively. By the scalar extension 
C — > C[s] we obtain the (C[s], <S[s])-Lie-Rinehart algebras E£ :— 3erc(log -D)o[s] 
and 3?' := Derc(<9)[s] = Derc[ s ] (<9[s]), and their envelopping algebras are ^[s] 
and 3>[s] respectively. The rings f\s\ and 3>[s] are left and right noetherian of 
finite global homological dimension. 

Let us calico := A" % c = ^, Q , w(log£>) := Q*. ija QagD) = f\ d (log£>), 
a>2" := oj[s] and uj% := a; (log _D)[s]. 

(3.1) Proposition. (1) The free 6[s]-module of rank one lj^' (resp. lj^) has 
a canonical right 3)[s]-module structure (resp. right 'W\s\-module structure) . 

(2) We have a canonical 'V\s\-linear isomorphism (resp. 3)[s]-linear isomor- 
phism) Ext^[ s ]((5[s], 'Vis]) ~ uj s (resp. Ext[L s i (G[s], 9)[s]) ~ u)s')i and for all 
i ± d, Ext*, w (<9[s],r[«]) = (resp. Ext^ w (<5 = Oj. 

Proof. Part (1) is clear from the canonical right S-module structure (resp. 
right "^-module structure) on to (resp on w(logD)). The proof of part (2) is 
identical to the proof of [SJ Proposition 3.1]. In fact we can use 

EyA% [s] (0[s],a[s])=Ey&(@x,s*)®cC[s], for si = °V or 9>. 

Q.E.D. 

As in [5] §2], for any left 2>[s]-module (resp. left ^[sj-module) M, the 0[s]- 
module u)%i ®@\s\ M (resp. lo% ®©r s i .4f) has a canonical right 2>[s]-module struc- 
ture (resp. right ^[sj-module structure), and it will be denoted by Jt" sht . Sim- 
ilarly, for any right 3[s]-module (resp. right ^[sj-module) JV, the <9[s]-module 
Homj[ s ] (wg/, JV) (resp. Honig[ s ] (wy, JV)) has a canonical left 3[s]-module struc- 
ture (resp. left ^[sj-module structure) and it will be denoted by jV leit . Moreover 
we have canonical 2s[s]-linear isomorphisms (resp. ^[sj-linear isomorphisms) 

M ~ (jT ight ) lcft , JV ~ (yf left ) right . 

In a similar way, for any left 3[s]-modules (resp. left ^[sj-modules) M and .JT', 
the (5[s]-modules M ®q\ s \ and Hom S [ s ](«l, J') have a canonical left S[s]- 
module structure (resp. left ^[sj-module structure). If is locally free of finite 
rank over <9[s] the left 2>[s]-module (resp. left ^[sj-module) Honw,] {M, <9[s]) 
is denoted by ./#*. 

(3.2) Definition. Let Dy^fs]) and Dy(S[s]) &e respectively the bounded 
derived categories of left c Vls]-modules and of left 3>ls]-modules with finitely 
generated cohomologies. The duality functors V : Dj('F"[s]) — > D^^s]) and 
D : D^(3[s]) -> D^(3[s]) are de/?ned 6y 

V(.J?) = (iiHom^ w (^,r[s])[d])^, B(jr) = (i?Hom 3[s] (.Jf,3[s])[d])' e/t . 

The above functors are contravariant involutive triangulated functors. Let 
us notice that we have canonical isomorphisms V((9[s]) ~ <9[s], B(<9[s]) ~ <9[s]. 
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(3.3) PROPOSITION. LetJl be a left W[s] -module (resp. a left 9s[s]-module) . If 
M is locally free of finite rank over 0[s], we have a canonical < V\s\-isomorphism 
(resp. 3)[s}-isomorphism) Y(M) ~ M* (resp. O(M) ~ Jt*). 

PROOF. It is identical to the proof of Proposition 3.1]. Q.E.D. 

Let us write 6(D) for the stalk at the origin of the integrable logarithmic 
connection 6 C d(D) (see [SJ §1.2]). The following theorem is a particular case of 
O Theorem 4.5]. 



(3.4) Theorem. For any complex M in \) ^(f¥\s\) we have a canonical 
morphism in D c (Si[s]) 



iso- 



2[s] ® y[s] Mj ~ Q)[s] ly H N(M)(D). 
where N(M)(D) = N(M) ® 0[s] 6{D)[s\. 

(3.5) Remark. Let us notice that [5] Theorem 4.5] is a straightforward gen- 
eralization of Corollary 3.1.2], and the existence of a such result has been 
suggested by [T2| Appendix A, Proposition (A. 2)], [25] and Theorem 4.3]. A 
related result is [TT1 Lemma 4.3.3]. 

(3.6) COROLLARY. For any polynomial q(s) £ C[s], there is a canonical iso- 
morphism 



s 



® rW 6[s]h^ ~ 3 [a] ® r[>] ©M/r'M- 1 . 



Proof. It is a consequence of of canonical isomorphisms ((5[s]/i 9 ^^) ~ 
(5[s]/i-?( s ) and (6[s]h~i^) (D) ~ ©[s^-'W- 1 . Q.E.D. 

(3.7) COROLLARY. Under the above hypotheses, assume that our germ h : 



(C d ,0) — » (C, 0) satisfies the equivalent properties of Proposition (2.2) and let 
ip : C[s] — > C[s] an automorphism of <C-algebras. Then, there is a canonical 
isomorphism 



Proof. It is a consequence of the above corollary and Proposition (2.7) 
Q.E.D. 



4 The symmetry of Bernstein- Sato polynomials 

In this section we keep the notations of 

(4.1) Theorem. Let h : (C rf ,0) — > (C,0) be a non-constant reduced germ of 
holomorphic function such that the divisor D = /i _1 (0) is free and satisfies the 



equivalent properties of Proposition (2.2) Then its Bernstein- Sato polynomial 



satisfies the equality b(s) = ±&(— s — 2). 
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Proof. Let us consider the exact sequence of left 3[s]-modules 



-> 3>[s]h s+1 -> 3[s]fr s -> (S := (3[s]/i s ) / (3)[s}h s+1 ) -> 0. 



The Bernstein-Sato polynomial 6(s) of /i is by definition the minimal polynomial 
of the action of sonS. By applying the duality functor D we obtain a triangle 



©((2) ->■ D (9[s]ft s ) -> © (3[s]/i 



a+i\ +i 



rollary pj) we deduce that the second arrow corresponds 
sl/i _s_i — > 3)\s]h~ s ~ 2 , ED((2) is concentrated in degree 1 am 

-4 P X (S) -> 0. 



and from co 
inclusion 3>[s^ 

is an exact sequence of left 2* [s] -modules 



to the 
and there 







s]hr 



\s\h~ 



the automorphism of C-algebras determined by 



Let us call ip : C[s] — > C 

<^(s) = — s — 2. From Lemma (2.6) we deduce that ip* (<2) ~ D i ((2) and so the 
minimal polynomial of the action of s on is ip(b(s)) = b(—s — 2). On the 

other hand, since the action of s on (3 is annhilated by b(s) we deduce that the 
action of s on P x (®) is also annhilated by 6(s) and we conclude that b(s) is a 
multiple of 6(-s - 2), i.e. b(s) = ±b(-s - 2). Q.E.D. 

(4.2) Corollary. Let (D, 0) C (C d , 0) a germ of free divisor of linear Jacobian 
type. Then its Bernstein-Sato polynomial satisfies the equality b(s) = ±6(— s — 
2). 



(4.3) Corollary. Under the hypotheses of Theorem (4-1) the Bernstein-Sato 
polynomial of h has no (integer) roots less or equal than —2. 

(4.4) Remark. Let us notice that the above corollary applies in particular to 
the case of (weakly) Koszul free divisors of differential linear type (or equiva- 



lently, to free divisors of linear Jacobian type; see Proposition (2.1) I and so it 
answers (partially) the question stated in [2H Remark 4.7]. 

(4.5) Question. We do not know whether reductive prehomogeneous deter- 
minants or regular special linear free divisors satisfy the equivalent properties of 



Proposition (2.2) or not, and so we do not know whether the results by Granger 
and Schulze in [14] can be derived from our Theorem (4.1) or not. However, 
all the examples of free divisors given in |18| are of linear Jacobian type and so 
they satisfy the above properties. 

(4.6) COROLLARY. Let D C X be a free divisor and assume that the equiva- 



lent properties of Proposition (2.2) hold for some (and hence any) local reduced 



equation of D at each point p G D. Then, the canonical map 2x (£>t x @x(D) — > 
@x [*D] is an isomorphism and the logarithmic comparison theorem holds. 

Proof. The problem being local, we can assume that p = G C d and (D, 0) C 
(C d , 0) is given by a reduced equation h £ 6. Since —1 is the smallest integer root 
of the Bernstein-Sato polynomial of h, we deduce that the 3-module 6[kD] is 
generated by h^ 1 and that ann® h~ x is obtained from ann 3 [ s ] h s by specializing 
s = —1, and so anng /i" 1 is generated by order 1 differential operators. In 
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other words, the canonical map 2> ®<y 6(D) — ► 0[*D] is an isomorphism of left 
3>- modules. 

L 

In order to prove that the complex 3 ®y 6(D) is concentrated in degree 
0, we proceed as in |19[ Proposition 2.2.17]. First, since (5[s]/i s has no (s + 1)- 
torsion, we have 

6(D) = 6k' 1 ~ (T[s\/T[s\(s + l))® r[s] 0[s]h a ~ (V{s\/<V[s\(s + 1)) 6[s]h s , 



and second 



®v 6(D) ~ • • • ~ 3 ® r {T[8]/T[s](3 + 1)) ®<y [a] 0[s]/i s 



+ 1)) l r[s] 0[s]/i s ~ (3[s}/3[s}(s + l)) <l 3[s] lv [s] G[s]h* z 

but 3[s]/i s C (5[s, h^ 1 }^ has no (s + l)-torsion and so the last complexe is 
concentrated in degree 0. 

The last statement is a consequence of Theorem 4.1]. Q.E.D. 



(4.7) Remark. Let us notice that, after corollary (2.4) the above corollary ap- 
plies to free divisors of linear Jacobian type, and so to locally quasi- homogeneous 
free divisors ([1J Theorem 5.6]). In particular we obtain a purely algebraic proof 
of the logarithmic comparison Theorem in [H] (see Remark 1.25]). 

(4.8) Question. In [27, Corollary 3.9], Yano proved that for any quasi- 
homogeneous polynomial h : C d — > C with an isolated singularity at the origin, 
the reduced Bernstein-Sato polynomial b(s) = satisfies the equality b(s) = 

±i>(— s — d). The intersection of Theorem (4.1) and Yano's result is the case 
of quasi-homogeneous plane curves. Quasi-homogeneous isolated singularities 
are of linear Jacobian type and their Jacobian ideal are a complete intersection, 
and so Cohen-Macaulay. On the other hand, the Jacobian ideal of a singular 
free divisor is also Cohen-Macaulay of codimension 2. The following natural 
question appears: let (D,0) C (C d ,0) be a singular germ of hypersurface of 
linear Jacobian type whose Jacobian ideal is Cohen-Macaulay of codimension 
e. Does its reduced Bernstein-Sato polynomial b(s) satisfy the equality b(s) = 
±b(-s - e)? 

The following result generalizes [14, Theorem 1.6] for any Koszul free divisor, 
not necessarily reductive linear, and [TH] Proposition 2.3.1] for higher dimension. 
It also improves [2H Corollary 1.8]. 

(4.9) Theorem. Let D C X be a Koszul free divisor. The following properties 
are equivalent: 

(a) D is strongly Euler homogeneous. 

(b) D is of linear Jacobian type. 

(c) D is strongly Koszul. 

(d) D is of differential linear type. 
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(e) D satisfies de logarithmic comparison theorem. 



Proof. (a) => (b) We follow the lines of the proof of [¥| Theorem 5.6] by 
induction on dimX. For dimX = 2 the result is known (cf. |19[ Proposition 
2.3.1]). Assume that the result is true whenever the ambient manifold has 
dimension d — 1 and assume now that dimX = d > 3. 

Let p G D be a point. The question being local, we can assume that 
X C C d is a small open neighborhood of p = G D. Let h : X — > C 
be a reduced equation of D and fn = (h, h' Xl> . . . , h') C ©x its Jacobian. 
Let {<5i = Y^j=\ a n S^}i<i<d be a basis of r(X, 2>er c (log D j). Since D is 
strongly Euler homogeneous we can take 8i(h) = for all i = l,...,d — 1, 
Sd(h) = h and a^O) = • • • = a^O) = 0. In particular h G , ■ ■ • , h' Xd ) and 

*b !>',.;■ 

The kernel of the natural map 2erc{@x) — > </l> sending any derivation 5 
to <5(/i) coincides with the free <Sx-submodule 0^ C 3erc(log D) generated by 
Si, ... , 5d-i and 3erc(log.D) = Q h (B GxSd- Let us call 

$ : Sym3er c (0 x ) = gr3 x = X [£] -»• Rees(/b), = fc^t, 

the induced graded map, which is surjective. 

Let us consider the augmented Koszul complex over gr 3>x — ®x [£,] associ- 
ated with <d h = a (®h) C gr 1 <2>x 

d-l 1 

K* := -> gr9> x ® 0x /\ Q h • • • ^> gr3 x <8> ex /\ h ^> 

^grS x *>Rees(/ D ) -> 0, 



d_ k (F ® (ai A • • • A o-fc)) = ^(-l)^ 1 ^ ® (>i A • • • ai ■ ■ ■ A a k ) 



with augmentation do — Since -D is Koszul, o~(5i), . . . ,a(5d-i) is a regular 
sequence and so K* is exact in degrees < — 1. It is also exact in degrees > 1 
because $ is surjective. 

In order to prove that D is of linear Jacobian type we need to prove that 
K* is exact in degree 0, but for that it is enough to prove the exactness at any 
point q G X — {0} (see [H Proposition 5.4]), or in fact at any point q G D — {0} 
since K* is exact outside D. 

Let q G D — {0} be a point. From the Koszul hypothesis we know (cf. 
[H Corollary 1.9]) that the zero locus of the symbols <r(5i) — Ylj=i a ij£ji 



1, . . . ,d, in the cotangent bundle T*X has dimension d, and so the zero locus 
of the coefficients ay, i,j — 1, . . .,d, is the origin and there is a logarithmic 
derivation with respect to D non vanishing at q. We can integrate it and deduce 
that (X, D,p) is analytically isomorphic to (C d ~ 1 ,D / , 0) x (C, 0), where (£)', 0) C 
(C d_1 , 0) is a germ of hypersurface. It is easy to see that (D 1 , 0) is again a germ 
of Koszul free divisor (cf. [U Proposition 1.10]) and strongly Euler homogeneous 



(cf. Remark (1.5)). By the induction hypothesis, we deduce that (-D',0) is of 
linear Jacobian type. So D is of linear Jacobian type at q and K* is exact in 
degree at q. 



13 



Equivalences (b) <^> (c) , (c) (d) have been proven respectively in Proposition 



(1.9) and Proposition (2.1) 



(d) (e) It is a consequence of Corollary (4.6) and Corollary (2.4) 



(e) => (a) We proceed by induction on dimX. If dim A = 2 we know from [5] 
that D is locally quasi-homogeneous and so it is strongly Euler homogeneous. 
Assume that the implication (c) => (a) is true whenever the dimension of the 
ambient manifold is d — 1 and assume now that dim A = d > 3. From [2~41 
Corollary 1.8] and Corollary 4.3] or [TUl Criterion 4.1], we deduce that D is 
Euler homogeneous. It remains to prove that for any point p e D there is an 
Euler vector field with respect to some (and hence, for any) reduced equation 
of (D,p), vanishing on p. Let us take a such reduced equation h = and an 
Euler vector field x on a neighborhood of p such that x(h) — h. If x vanishes 
at p, we are done. If not, we can integrate x an d deduce that (X,D,p) is 
analytically isomorphic to (C d ~\ £>', 0) x (C,0), where (D',0) C (C^O) is 
a germ of hypersurface. We deduce as before that (-D',0) is again a germ of 
Koszul free divisor. Since D satisfies the logarithmic comparison theorem, we 
deduce easily from [SJ Corollary 4.2] or [101 Criterion 4.1] that D 1 also does. By 
the induction hypothesis, D' is strongly Euler homogeneous and so D is also 
strongly Euler homogeneous. Q.E.D. 



5 The case of logarithmic connections 

In this section we generalize the preceding results to the case of integrable 
logarithmic connections. Proofs remain esentially the same and will be only 
sketched. This generalization is based on Theorem 3.1, Corollary 3.2], and 
so we will assume that our germ of free divisor (D,0) C (C d ,0), with reduced 
equation h : (C d , 0) — > (C, 0), is of linear Jacobian type. We keep the notations 
of §2] and P 

Let 'S be a germ at of integrable logarithmic connection with respect D, i.e. 
W is a free ©-module of finite rank endowed with a left ^-module structure. As 
explained in § 3.1], we consider the logarithmic Bernstein-Kashiwara module 
W[s]h s inside the meromorphic connection W[s, h^ 1 ]^ . Corollary 3.2 in loc. cit. 
tells us that the canonical map 

3>x[s] ®r xW %[s]h s ->• 9)x[s]W[s)h 3 

is an isomorphism in Dj(3[s]). 

More generally, for any q(s) £ C[s] we consider the q(s)- Bernstein module 
associated with "S 

%[s]h q ^ := %[s] ®0[ s ] G[s]h q( - S) C ff[s,/r 1 ]/i« w := W[s,h^] ® 0[s] 0[s, /i" 1 ]^ 

as in Definition (2.5) In the same way as in Lemma (2.6) and Proposition | (2 . 7)] 
we prove that for any automorphism of C- algebras ip : C[s] — > C[s] the canonical 
map 

ip* (9)[s}%[s]h q{s) ^ := 9)[s] ® v (9)[s]W[s]h a ) -+ 2[s]W[s}h^ q ^ (2) 
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induced by ip : 6[s, h ^fo'W — > 0[s, h '-j/j^W 8 )) is an isomorphism of left 9)[s}- 
modules. Also, the canonical map 

S[s] kr[.] (V[s]/i p(s) ) -»■ 2[s]%[s)h? ia) 
is an isomorphism in the derived category of left 2>[s]-modules. As in corollary 



(3.7) we obtain a canonical isomorphism 



Recall that the Bernstein-Sato polynomial of W is defined as the minimal poly- 
nomial of the action of s on the quotient Q% := 3)[s]W[s]h s /3)[s]W[s]h s+1 and 
it is denoted by bg(s) (0 Remark 3.5]). The existence of a non-zero b%(s) is a 
straightforward consequence of the existence of non trivial Bernstein-Sato func- 
tional equations with respect to sections of holonomic 2>-modules ( |16l Theorem 
2.7]; see also [17]). 

Now we are ready to state and prove the announced extension of Theorem 



(4.1) to the case of arbitrary logarithmic connections. 

(5.1) Theorem. Let (D,0) c (C d ,0) be a germ of free divisor of linear 
Jacobian type with reduced equation h : (C d ,0) — > (C, 0) and 8? a germ at of 
integrable logarithmic connection with respect to D. Then the Bernstein- Sato 
polynomials of <§ and of its dual <S* are related by the equality 

6*(s) = ±M-s-2). 



Proof. We proceed as in the proof of Theorem (4.1) Let us consider the 
exact sequence of left 3) [s] -modules 

-> 9)[s)%[s]h s+1 -> 3>[s]%[s]h s -> ®g -> 0. 

By applying the duality functor ID) we obtain a triangle 

B(fi») -¥ B (2[ 3 ]W[s]h") B (2>[s}%[s]h s+1 ) ±> 

in which the second arrow corresponds to the inclusion 3[s]g'*[s]/i _s_1 — > 
3>[s]%* [s]h~ s ~ 2 , D((2g-) is concentrated in degree 1 and there is an exact se- 
quence of left <3[s] -modules 



-> 3l[s]W*[s]h- 



9s[s]%*[s]h- 



^(Oar) -> 0. 



Let <p : C[s] — ► C[s] be the automorphism of C-algebras determined by tp(s) = 
— s — 2 and let us consider the exact sequence of left 3 [s] -modules 

-> 3>[s]%*[s]h s+1 -> 9)[s]W*[s]h s — > ^« -> 0. 

From ([2]) we deduce an isomorphism ip* ~ ED 1 (fife) and so the minimal 

polynomial of the action of s on D 1 ((2g-) is ^(6g>»(s)) = &*•(— s — 2). On the 
other hand, the action of s on D 1 ((2^) is annhilated by bg(s) and we conclude 
that bfg(s) is a multiple of bg*(— s — 2). 

In a symmetric way we deduce that bg*(s) is a multiple of bg(—s — 2), or 
equivalently b%*(— s — 2) is a multiple of bg(s), and so b%(s) = ±bg*{—s — 2). 
Q.E.D. 
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